Abstract. We consider the wave equation, g ψ = 0, in fixed flat Friedmann-Lemaître-Robertson-Walker and Kasner spacetimes with topology R + × T 3 . We obtain generic blow up results for solutions to the wave equation towards the Big Bang singularity in both backgrounds. In particular, we characterize open sets of initial data prescribed at a spacelike hypersurface close to the singularity, which give rise to solutions that blow up in an open set of the Big Bang hypersurface {t = 0}. The initial data sets are characterized by the condition that the Neumann data should dominate, in an appropriate L 2 -sense, up to two spatial derivatives of the Dirichlet data. For these initial configurations, the L 2 (T 3 ) norms of the solutions blow up towards the Big Bang hypersurfaces of FLRW and Kasner with inverse polynomial and logarithmic rates respectively. Our method is based on deriving suitably weighted energy estimates in physical space. No symmetries of solutions are assumed.
Introduction and main theorems
In this note, we analyse the behaviour of solutions to the wave equation on cosmological backgrounds towards the initial singularity. Our spacetimes of interest are the spatially homogenous, isotropic flat Friedmann-Lemaître-Robertson-Walker (FLRW hereafter) backgrounds and the anisotropic vacuum Kasner spacetimes. The former plays an important role in physics, since observational evidence suggests that at sufficiently large scales the universe seems to be spatially homogeneous and isotropic. The Kasner solutions also play an important role in the theory of general relativity, since they form the past attractor of Bianchi type I spacetimes, the Kasner circle, which in turn are the basic building blocks in the "BKL conjecture" [5] concerning spacelike cosmological singularities, see [6] for recent developments on this subject in the setting of spatially homogeneous solutions to the Einstein-vacuum equations.
The spacetimes have the topology R + × T 3 and are endowed with the metrics: respectively. Both metrics g FLRW , g Kasner have a Big Bang singularity at t = 0, where the curvature blows up |Riem| ∼ t −2 , as t → 0. Metrics of the form (1.1) are solutions of the Einstein-Euler system for ideal fluids with linear equation of state p = (γ − 1)ρ, where p is the pressure, and ρ the energy density. The case γ = 2 corresponds to stiff fluids, i.e., p = ρ, where incompressibility is expressed by the velocity of sound c s equating the velocity of light c = 1. For the stiff case the dynamics of the Einstein equations towards the singularity are completely understood by the work of [29, 30, 31] . The other endpoint γ = to the coasting universe which does not have a spacelike singularity. On the other hand, the Kasner metric (1.2) is a solution to the Einstein vacuum equations. When one of the p j = 1 equals one, and the other two vanish (flat Kasner), it corresponds to the Taub form of Minkowski space and there is no singularity as the spacetime is flat.
Our goal is to understand the behaviour of smooth solutions to the wave equation towards these singularities from the initial value problem point of view and by deriving appropriate energy estimates in physical space, which may also prove useful for dynamical studies. According to the references in the literature, such as [1, 25, 26, 28] , these waves are shown to blow up in certain cases. We wish to characterize open sets of initial data at a given time t 0 > 0 for which such blow up behaviour occurs at t = 0. Denote the constant t hypersurfaces by Σ t .
First, we give the general asymptotic profile of all solutions: Theorem 1.1. Let ψ be a smooth solution to the wave equation, g ψ = 0, for either of the metrics g FLRW , g Kasner , arising from initial data (ψ 0 , ∂ t ψ 0 ) on Σ t0 . Then, ψ can be written in the following form:
where A(x), u(t, x) are smooth functions and u F LRW t 2 γ −1 , u Kasner (log t) −1 tend to zero, as t → 0.
We prove the preceding theorem by deriving appropriate stability estimates for renormalized variables, which as a corollary imply the continuous dependence of A(x) on initial data. For instance, solutions coming from initial configurations close to those of the homogeneous solutions t 1− 2 γ , log t in FLRW and Kasner respectively, will blow up with leading order coefficients A(x) ∼ 1. Hence, the set of all blowing up solutions to the wave equation is open and dense. (1.6) and ψ 0 , ∂ t ψ 0 satisfy the open conditions
Remark 1.3. Given a blowing up solution to the wave equation in either FLRW or Kasner, having nonvanishing leading order coefficient A(x), it is easy to see, using the expansions (1.3), (1.4) , that the solution satisfies the conditions in Theorem 1.2 for t 0 > 0 sufficiently small.
We also prove a local version of Theorem 1.2, giving open initial conditions in a neighbourhood of Σ t0 , U t0 , whose domain of dependence intersects the singular hypersurface Σ 0 at a neighbourhood U 0 , where the L 2 (U 0 ) norm of the corresponding solutions blows up. 4 In the sense that if a solution blows up in a compact set at Σ 0 , i.e., A(x) = 0 in that compact set, then this property Σ 0 (1.10) and (ψ 0 , ∂ t ψ 0 ) satisfy the open conditions:
(1.11)
The blow up behaviour of linear waves observed near Big Bang singularities is reminiscent of the behaviour of waves in black hole interiors containing spacelike singularities [7, 13] . Examples are the Schwarzschild singularity or black hole singularities occurring in spherically symmetric solutions to the Einstein-scalar field model [9] , where a logarithmic blow up behaviour has been observed for spatially homogeneous waves. Such logarithmic blow up behaviour was recently confirmed [15] for generic linear waves in the Schwarzschild black hole interior. The aforementioned blow up behaviours, however, are in contrast to the behaviour of waves observed near null boundaries, where linear and dynamical waves have been shown in general to extend continuously past the relevant null hypersurfaces [10] , [16] - [22] , see also [24] .
Lastly, we should note that although we only deal with spatially homogeneous spacetimes, our method of proof is applicable to cosmological spacetimes with Big Bang singularities exhibiting asymptotically velocity term dominated (AVTD) behaviour [2, 4, 8, 12, 14, 20, 23, 27 ].
Proof of main theorems
2.1. Energy argument and notation. In order to derive the energy estimates required for the proof of Theorem 1.2, we will apply the vector field method and define certain energy currents constructed from the stress-energy tensor
where ∇ stands for the spacetime covariant connection. Hence, if ψ satisfies the homogeneous wave equation
it follows that we have energy-momentum conservation ∇ a T ab [ψ] = 0. Contracting the stress-energy tensor with a vector field multiplier X, then defines the associated current
whose divergence, according to (2.2), equals
Applying the divergence theorem to (2.5), over the spacetime domain {U s } s∈[t,t0] (Figure 1 ), we thus obtain:
where n Ut = −∂ t , vol Ut is the intrinsic volume form of U t and
for each l = 1, 2, 3; i < j; i, j = l. Below we will choose the vector field X to be a suitable rescaling n Ut .
≥ 0, where ∇ is the covariant derivative intrinsic to the level sets of t. Hence, if we can control the second term on the RHS of (2.6) (the bulk), in terms of
, we obtain an energy estimate for ψ.
Notice that in the case of the whole torus, U t0 = Σ t0 , due to the absence of causal boundary terms, (2.6) becomes
In the analysis that follows, we will often require higher order energy estimates that we can obtain by commuting the wave equation with spatial derivatives and applying the above energy argument. Note, that we are considering homogeneous spacetimes in which the spatial coordinate derivatives {∂ xi } are Killing and hence [ g , ∂ xi ] = 0, i = 1, 2, 3. This means that the above identities (2.6), (2.8) are also valid for ∂ α x ψ, where we use the standard multi-index notation
for an iterated application of spatial derivatives,
where vol Euc = dx 1 dx 2 dx 3 . We will often omit Σ t from the norms to ease notation and use H k , L 2 for the corresponding time-dependent, non-intrinsic norms.
2.2. Flat FLRW. Let ψ be a smooth solution to the scalar wave equation
Consider the orthonormal frame
adapted to the constant t hypersurfaces Σ t with the past normal vector field e 0 pointing towards the singularity. In this frame, the second fundamental form K ij of Σ t reads
Further, the intrinsic volume form on Σ t equals
Proposition 2.1. The following energy inequality holds:
for all t ∈ (0, t 0 ] and any multi-index α. Moreover, ψ satisfies the pointwise bound
where C > 0 is a constant independent of t 0 , γ.
Proof. We compute the divergence of J 
Hence, utilising (2.8) for X = t 2 γ e 0 yields
The same identity is valid for ∂ α x ψ, leading to (2.14). In particular, taking into account the volume form (2.13), we have the following bounds for ∂ t ψ:
for all t ∈ (0, t 0 ] and α. Integrating ∂ t ψ in [t, t 0 ] and employing the Sobolev embedding
Remark 2.2. The bounds (2.14), (2.15) are saturated by the homogeneous function t 1− 2 γ , which is an exact solution of (2.10).
From the previous proposition we understand that t
for all t ∈ (0, t 0 ] and any multi-index α. Moreover, the limit
exists, it is a smooth function and the difference u(t,
This leads to different choices of η depending on the value of γ, given by
We refer to the former as the stiffest region and the latter as the softest region. The case γ = 
Then, the energy identity (2.8) for 
for all Remark 2.4. The renormalised estimate (2.22) yields an improved control over the spatial gradient of ψ compared to (2.14). Indeed, Lemma 2.5. The following estimate for the L 2 norm of ∂ xi ψ holds:
Proof. Differentiating in e 0 we have:
Integrating the above on [t, t 0 ] gives (2.62) for γ < 2.
Remark 2.6. The bounds that we have proven so far, stated in Propositions 2.1, 2.3 and Lemma 2.8, are also valid if we replace the integral domains Σ t , Σ t0 by U t , U t0 . This can be easily seen from the fact that in the corresponding energy identity (2.6), the null boundary terms have a favourable sign for an upper bound and therefore can be dropped. Now we may proceed to derive the blow up criterion given in Theorem 1.2. First, notice that for γ > 2 3 , the main contribution of the energy flux generated by J e0 [ψ] comes from the e 0 ψ term. Indeed, by (2.35) it follows that ]. Hence, taking the limit t → 0 in the preceding identity and utilizing (2.25) leads to
Combining (2.17), (2.40) we derive:
(by (2.62))
Now is evident now that if the assumptions of Theorem 1.2 for FLRW are satisfied, then
To prove Theorem 1.4 for FLRW, we use the local energy identity (2.6) and plug in (2.7), (2.13), (2.16):
, it follows by integrating that the closure U t of the neighbourhood U t is the cube I 3 , where
]. We make use of the following 1-dimensional Sobolev inequality
First, we take the limit t → 0 in (2.42), employing (2.40), and then we apply (2.62) to the integrand in the third line of (2.42) and (2.43) to the integral over N ± l ∩ U s in the last line of (2.42) to deduce the lower bound:
Thus, if the assumptions of Theorem 1.4 for FLRW are satisfied, then the RHS of (2.44) gives A(x) L 2 (U0) > 0. This completes the proofs of the main theorems for FLRW. 5 Proof by fundamental theorem of calculus:
2.3.
Kasner. For Kasner the adapted orthonormal frame to the constant t hypersurfaces reads:
In this frame, the non-zero components of the second fundamental form K of the Σ t hypersurfaces are 
for all t ∈ (0, t 0 ] and any multi-index α. Moreover, ∂ β x ψ satisfies the pointwise bound
for any multi-index β, where C is a constant independent of t 0 , p i .
Proof. We compute the divergence of the current J 
Hence, by (2.8), for X = te 0 , we have
2 )vol Σs ds (2.51)
Note, that the same inequality holds for ∂ β x ψ by commuting the wave equation with ∂ β x . In particular, taking into account the volume form, we control
Using the fundamental theorem of calculus along e 0 and Sobolev embedding
Instead of deriving renormalised energy estimates, as in the previous subsection for FLRW (see Proposition 2.3), we prove the validity of the expansion (1.4) by using (2.49) to view the wave equation as an inhomogeneous ODE in t. This procedure is more wasteful in the number of derivatives of ψ that we need to bound from initial data, but it is slightly simpler.
Proof of Theorem 1.1 for Kasner. We express the wave equation for ψ in terms of the (t, x 1 , x 2 , x 3 ) coordinate system and treat the spatial derivatives of ψ as error terms:
Integrating in [t, t 0 ] we obtain the formula
where
Note, that since by the assumption 1 − 2p i > −1 and by (2.49 
xi ψds are integrable 6 in [0, t 0 ] and hence the above formulas make sense. Moreover, it is implied by (2.56), (2.57) that A(x), u(t, x) are smooth functions and u = u Kasner and its spatial derivatives are in fact uniformly bounded up to t = 0:
for all t ∈ (0, t 0 ], any multi-index α, where C > 0 is a constant depending on initial data.
Next, we prove the blow up result stated in Theorem 1.2 for Kasner. Notice that since p i < 1, the main contribution of the energy flux generated by the current J e0 [ψ], as t → 0, comes from the ∂ t ψ term:
Utilising (1.4), (2.58) it follows that
Thus, returning to (2.51) and taking the limit t → 0 we obtain the identity:
We bound the L 2 norm of ∂ xi ψ as follows:
Lemma 2.8. The following estimate for the L 2 norm of ∂ xi ψ holds: Proof. We have 
If the assumptions of Theorem 1.2 for Kasner are satisfied, then it is clear from the preceding lower bound that A(x) L 2 (T 3 ) > 0.
To prove the local version of the blow up criterion in Theorem 1.4, we argue similarly, but also take into account the contribution of the null flux terms in (2.8) . Note that the upper bounds (2.48), (2.49), (2.63) are also valid for the integral domains U t , U 0 in place of Σ t , Σ t0 , since the null flux terms in (2.8) have a favourable sign for an upper bound. Hence, taking the limit t → 0 in (2.6) and employing (2.7), (2.50), (1.4), 1 2 
Thus, given the assumptions in Theorem 1.4 for Kasner, it follows that A(x) L 2 (U0) > 0, as required.
